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Derivation of a Nonlinear Wave Equation

for Fast Propagation of Quasi-Monochromatic Pressure Waves

in Compressible Liquid Containing Microbubbles
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Abstract — This study tackles the derivation of a nonlinear wave equation for
plane progressive quasi-monochromatic waves in a bubbly liquid containing a
number of spherical small gas bubbles that oscillate rapidly due to the pressure
wave approaching the bubbles. Important assumptions are as follows: (i) the
compressibility of the liquid phase is taken into account, and (ii) the effect
of viscosity in the gas phase, heat conduction in the gas and liquid phases,
phase change across the bubble wall, and thermal conductivities of the gas
and liquid, and so on, are neglected. The basic equations for bubbly flows
are composed of a set of conservation equations of mass and momentum in a
two-fluid model and the equation of bubble dynamics. Appropriate choices of
scaling relations of some physical parameters, i.e., wavelength, wave frequency,
propagation speed, and amplitude of waves concerned, yields the derivation.
By the help of the method of multiple scales, we can derive a nonlinear wave
equation that describes the long range propagation of wave, where the phase
velocity is always greater than the speed of sound in the absence of bubbles.
The result shows that an envelope of a carrier wave is described by the nonlin-
ear Schriédinger (NLS) equation with an attenuation term and some correction
terms. The NLS equation derived here is different compared with the NLS
equation (Kanagawa et al., 2010) for the wave where the velocity speed is al-

ways smaller than the speed of sound in the absence of bubbles.
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