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, . ,

, ,

, , .

, manaba , †19.

4. —— ,
†20. : (§ 0),

(§ 1), Maxwell (§ 2),
( Joule , Mayer , Joule–Thomson

)(§ 3) (§ 4)†21, (§ 5),
(§ 6).

5. ——
†22, ( )

, .

” . ,
( ) .

, , .
, I , , .

, , .

†19 , ( ,
manaba , ). ( ),

, . ,
, .

†20 [ ]
, . —— ,

—— ,
. 1 ,

. , , 2 ( )
.

†21 § 5 , “ ” .
, . II
. , ,

.
.

†22 , ,
. , ,

(Legendre transform) .
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§ 0 (Preliminary)

§ 0.1 F G

II †23 , F

F ≡ U − TS (0.1)

, G

G ≡ H − TS (0.2)

†24†25.
†26, 2 †27. U

H TS , F

G , †28.

§ 0.1.1 TS pV

I , H

H ≡ U + pV (0.3)

†23 [ ] (state variable) , (state quantity) ,
. (§ 1)

. [ ] “ ” . “ ” “ ” .

†24 [ ] (free energy) , Helmholtz ( )
. , (free enthalpy) , Gibbs ( )

. [ ] (Gibbs ) , Gibbs
G , (Helmholtz ) ,

H F ( ).

†25 [ ] (§ 4) , , ,
“ 3 ” .

†26 (definition) , . (formula)
(theorem) ,

. , 11
.

†27 1 (0.1)(0.2) . ,
, .

†28 G . F (0.1) 1
U , H .
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G (0.2) ,

G ≡ H − TS = U + pV − TS = U − TS︸ ︷︷ ︸
F

+pV = F + pV (0.4)

, F G . (0.4) , (0.1)(0.2)

. , S .
†29.

(0.4) G = F + pV , F , G, H (0.1)(0.2)(0.3)

. U pV †30,

U TS , H F
†31.

, F G

, . (0.1)(0.2) ,

, § 1 †32.

1. (0.4) †33.

†29 [ ] , .
, 100 .

( ,
). .

. G = H − TS S ,
G = F + pV p V —— .

†30 [ ] pV , pdV . ,
. ,

H = U +pdV︸ ︷︷ ︸ ≈ U (0.5)

, U pdV ( ) , .
, , 2 ,

, . , ,
. [ ] , dV = 1/∞

( ).

†31 , TS pV (§ 1 ). , I
(“ ” ),

§ 1 .

†32 , § 1 , F G . 11
, § 5 ,

, 1 . , , F G
( , ).

†33 1 . .
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§ 0.1.2

(0.1)–(0.3) , †34.

:

(i) ( ) , ( ) †35†36, p

T †37 2 †38.

(ii) , V , U ,

H (≡ U+pV )†39, S †40. , (0.1)(0.2)

F G 2 †41. ,

†34 [ ] : (i) (pressure) p [Pa] (volume) V [m3] , (mechanics)
. (ii) 0 (the zeroth law of thermodynamics) ,

(temperature) T [K] ( I §1). (iii) 1 ,
(internal energy) U [J] . (iv) (enthalpy) H [J] ,

(isobaric process) ( ). (v) 2
, (entropy) S [J/K] (§ 0.2 ).

†35 [ ] (extensive variable) , , “ ”
(intensive variable) . , .

†36 [ ] ( ) p ( ) T , ,
, ( ) . , .

†37 [ ] ( ) , “ ” . [ ( )] [◦C]
, [K] . [ ( )] ,

( ).
x , x , . ,
, .
. , § 5 , ,
. , , , .

†38 [ ] 3 , § 4 (chemical potential) . ,
—— (specific enthalpy) h = H/m [J/kg]

—— (m ). [ ]
( I).

†39 [ ] Gibbs . ,
Gibbs (†24).

†40 [ ] (reversible process) , ,

ΔS ≡
∫ 2

1

d′Q
T

. , “ ” .
(finite value) . , “ ” d′Q/T

“ ” . [ ] dx 1 ≤ x ≤ 3
, 2 ( ).

†41 [ ] p , T (V , U , H, S, F , G)
. , P .
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, 6 .

1. U , H, F ,

G, “4 ” , †42.

, U , H, F , G . †43.

, pV TS [J] †44†45.

§ 0.2

,

( ) = ( )− ( )

(0.6)

†46. †47 :

dU = d′Q− d′W (0.7)

†42 [§ 1 ] , . ,
. 4 ,

, ( ) “ ( )
” .

†43 A = B , (i) A B . (ii) A B
(A B ). ,

. ,
. [ ] A B .

†44 , dS = d′Q/T .
, § 0.2.1 § 0.2.2 .

†45 [§ 1 ] (0.1)–(0.4) , TS pV “ (T p)
(S V ) ( , TS pV )” . , TS ,

(heat quantity) TdS = d′Q .

†46 [ ] (system) . (surroundings)
, (boundary) .

†47 [ ] . (
) , [ ( : infinitesimal) , ] .

. .
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, U , ( ) d′Q

( ) d′W †48†49. ,

, dU . ,

d′ d′Q d′W , d
†50. , 2 :

(i) †51, †52 , V

( ) dV p ,

d′W = pdV (0.8)

. , †53.

†48 [ ] (heat quantity) (work) , “ ” , “ ”
. , ( ) , ( ) .

†49 .

†50 [ ] . . I
, , , ,

.

†51 [ ] .
, .

†52 [ ] (displacement) , (force) .

†53 I ( 2 , 3 ) “(0.8) ”
. (0.8) “ ” .
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(ii) †54 S †55†56†57

dS ≡ d′Q
T

(0.13)

, d′Q ,

d′Q = TdS (0.14)

†54 [ ] , , ( ) .
, ( ) ,
: ,

.

†55 [ ] (irreversible process) , S ,

dS ≥ d′Q
T

(0.9)

(Q ). , . ,
, (§ 5) , .

†56 [ ] :

dS =
d′Q
dT

. ( ) , ( “ ”) .
. [ ] ( ) .

†57 [†50 ] dS ΔS . (thermal
equilibrium state) 1 2 (definite integral) , :

S2 − S1 ≡ ΔS =

∫ 2

1

d′Q
T

(0.10)

[ 2 ] : (i) (T = T0) ,

ΔS =

∫ 2

1

d′Q
T0

=
1

T0

∫ 2

1

d′Q =
Q12

T0
(0.11)

. 2 (integrand) (isothermal) , 3

Q12 ≡
∫ 2

1

d′Q . , Q12 1 2

12 . (ii) , d′Q ≡ 0 , :

dS = 0, ΔS = 0, S1 = S2 (0.12)

[ ] I , “12” , 12 1 → 2
, Q12 Q1→2 . [ ] ,

.
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. (0.13) ,
†58†59. , § 0.2.1 § 0.2.2 ,

.

(i)(ii) , (0.7) †60†61, “ ” †62†63

, :

dU = TdS − pdV (0.15)

(0.15) †64. ,

, . d′

, d .

2. , (0.8) .

†58 [ ] , Clausius
—— d′Q/T ——

, . , ,
. , , § 0.2.1 § 0.2.2 .

†59 , (0.14) ( § 0.2.1).
†60 [ ] , , (0.7) “ ”

(conservation law of energy) . , (0.15) , S
, . , (0.15)

, “( ) ” .
, , . , (0.15) ,
3 (§ 1.2–§ 1.4), “ ”

.

†61 [†60 ] TdS = d′Q , (0.15)
.

. , ( ) , (i)
, , (ii) (0.15) ,

, , (0.15) ,
. [ ] , (0.15) .

†62 [ ] . (
) , . [ ]

, ,
. [ ] , . ,

1 1 , .
[ (counterexample)] 2 ,

, ( ).

†63 [ ] , . , § 4 ,
(reversible) (quasi-static) ( ).

†64 , , . ,
(0.15) , I (§ 4

, ).
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2. (0.15) †65.

3. .

d

(
F

T

)
= − U

T 2
dT − p

T
dV (0.16)

d

(
G

T

)
= −H

T 2
dT +

V

T
dp (0.17)

[ ] (0.1)(0.2) , (0.18)†66 ,

(0.15) . (0.16) †67†68:

( ) = d

(
F

T

)
= d

(
U

T
− S

)
= UdT−1 +

1

T
dU − dS

= − U

T 2
dT︸ ︷︷ ︸

†68

+
TdS − pdV

T︸ ︷︷ ︸−dS = ( ) (0.21)

†65 1 . , (0.8) (
, . ).

†66 ( 4), :

d(fg) = f dg + g df (0.18)

( (derivative) (differential quotient)) ,
(differential) , .

†67 (0.17) (0.16) , ,
(§ 1.3)

dH = TdS + V dp (0.19)

. , , (1.17) 1 , § 1
, [ 26 II ( )
27 I [ A] ( ,

HP : https://kanagawa.kz.tsukuba.ac.jp)].

†68 4 ( 1 ) , :

dT−1

dT
= −T−2 =⇒ dT−1 = − 1

T 2
dT (0.20)

( )
, ( ) .

, df “ ” (
). , , .
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§ 0.2.1 (1) —— p T , V S

, S [ (0.13)

(0.14)] †69. ,

, , (0.14)

. , p, V , T , S 4 :

(i) . p . .

V †70.

(ii) , T †71†72†73.

, S †74. dS ,

. , , dS

dV .

†69 (0.7) ( ) ,
(0.8) .

†70 [ ] . , ,
. , . , ( )

( ) . , ,
, ( ) . ,

. : (i) “ ”( )
, (ii) “ ”( ) , (iii)
, “ ” . , ( ) ( )

, . [ ] ,
.

†71 , . , “ ( )
” , “ ( ) ” [ , , (heat

input) , , , (heat output) ].

†72 [ ] , ,
−20◦C (−20 ∼ −25◦C ). 3

: (i) , (ii)
, (iii) , .

†73 , ,
. ,

. , ,
,

. ,
. , , ,

, . ,
, ,

. , .
, , ( ) ( )

. , .

†74 . , .
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, , 2 †75:

d′W = pdV (0.8)

d′Q = TdS (0.14)

, ( ) p ( ) dV . , ( ) T

( ) dS †76. ,
†77†78.

“ ” , “ ” †79.

§ 0.2.2 (2) ——

,

.

d′ , ,

†75 [ ] . 99%
( ), ,

. , , “ ” , “
” , .

†76 (0.14) , , . , ( ) d′Q
, , ( ) TdS

( ) . d′ d , ,
(§ 0.2.2 ). [ ] d′Q dS ,

, , S .

†77 d′Q = Td♣ , ♣ ≡ S . S [J/K] , 1K
. [ ] p–V T–S

, , (p T ), (V S)
.

†78 V , S .
, . d′W = pdV ,

p V d′Q T dS
.

†79 [ ] , ( ) , (
) . . [†70†71†72 ]

, , ( ) . ,
( ) . ,

, , ( )
. , .
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†80. (0.7) :

d′Q = dU + d′W (0.22)

“ ” “ ” †81†82. , 2

dU = CV dT, d′W = pdV︸ ︷︷ ︸= mRT

V
dV︸ ︷︷ ︸ (0.23)

†83. , (0.22) :

d′Q = CV dT +
mRT

V
dV (0.24)

. , 1∫
CV dT = CV T + const. (0.25)

( ) †84, 2∫
mRT

V
dV = mR

∫
T

V
dV (0.26)

. . V , T

. T V

†80 [ I] . ,
. .

(fundamental theorem of calculus) .

†81 , .

†82 [ ] d′Q
. ,

, .

†83 [ ]CV [J/K], m [kg], R [J/(kg ·K)]
. , cV [J/(kg ·K)] , CV = mcV .

, I .

†84 [ ] . [ ] CV , cV ,
R . , I m . [ ] § 4 ,

.
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†85. †86.

, ,

. ,∫
d′Q =??? (0.27)

. . I∫ 2

1

d′Q ≡ Q12 (0.28)

, †87.

, . (0.26)

T

. , (0.24) T , :

d′Q
T

= CV
dT

T
+mR

dV

V
(0.29)

( ) †88†89:∫
CV

dT

T
+

∫
mR

dV

V
= CV lnT +mR lnV + const. (0.30)

,

. , d′Q ,

d′Q
T

(0.31)

, d′ —— .

†85 , T = pV/(mR) = T (p, V ) . , T , p V
2 ,

∫
T (p, V )/V dV . .

†86 . ,
, , .

†87 , , Q12 .
. [ ]Q12 1 2 .

†88 [ III] (variables separable) .

†89 [ ] , ln , (base) Napier ( ) e = 2.718...
. , 10 log ,
. , ,

.
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d′Q/T , “ ” , d

. , ( ) .

, ,

d′Q
T

≡ dS (0.32)

, dS †90. :

(i) d′ , .

(ii) d′ , .

(iii) T —— ,

, .

(iv) ,

, †91.

§ 0.3

, (§ 3)†92.
, , (§ 4–§ 6).

, (§ 1), , Maxwell

(§ 2) †93. I ,

, , †94.

†90 , .
, . [ , ] “ ”

, “ ” .

†91 [ ] “ ” . , .
, . ,

“ ” , “ ”
. .

†92 , Boyle–Charles .

†93 , . ,
.

†94 d I , (
).
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§ 0.4 —— ——

I, II, III

, , . ,

, .

, †95.

§ 0.4.1 2 (two variables function)

f x y , x y , f(x, y)
†96. , x y , f

†97. f x y 2 †98†99.

II § 3 2 †100†101,

†95 [ ] , . ,
, . [ ]
, , ,

. [ ] (differentiation) ,
: , ( ), pp. 1–6, 11–16.

†96 [ ] ( ) (independent variable),
( ) (dependent variable) [ (unknown variable)

(unknown function)] .

†97 , f , x y . ,
. (point) . (curve) . .

†98 [ ] z = f(x, y) . , f (x, y) z
“ ( )” , z “ ” .

, .

†99 [ I, II] 1 y = f(x) , x , y , 1
, 2 , .

, 1 (inverse function) , f , x = f−1(y)
, x , y (x y

). , 2 , ,
. ,

(§ 0.4.6).
†100 [ ] 1 . , Boyle ,

Charles , Poisson .
2 1 , , , ,

. [ ] , ,
. .

†101 [ ] § 3 2 , § 4 3 ( n )
. , II , 1 2

, , 2 3 n
. , 2 ( ) , 1 (

) .
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. , †102:

p =
mRT

V
= p(V, T ), V =

mRT

p
= V (p, T ), T =

pV

mR
= T (p, V ) (0.33)

p, V , T 2
†103. , †104, , “ ”

†105.

§ 0.4.2 (total differential)

x y “ ( )” †106,

f(x, y) †107. , df(x, y) ,

df(x, y) = [df ](x , y )︸ ︷︷ ︸
x

+ [df ](y , x )︸ ︷︷ ︸
y

=
∂f

∂x
dx+

∂f

∂y
dy (0.34)

†102 [ ]m [kg] (mass), R [J/(kg ·K)] (gas constant) .

†103 [ ] , 2
(§ 4 ). , p V T ( ).

†104 [ ] , t , v(t) .
, x , δ(x) (

). , (t,x) , u(t,x) p(t,x)
[x = (x, y, z) ]. , ,

,
. , , ,

. .

†105 [ ] , , ,
. , (i) 1

, 1 . (ii) , 2
. .

†106 [ ] , x “ ” y “ ” .
.

†107 [ ] f(x, y) , 3
: (i) x y , (ii) x , (iii) y . ,

,
(i) = (ii) + (iii)

. , (0.34) . .
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†108†109†110. 1 1 .

(i) ∂f/∂x , y †111,

∂f

∂x
≡ lim

Δx→0

f(x+Δx, y)− f(x, y)

Δx︸ ︷︷ ︸
y

(
= lim

Δx→0

Δf

Δx

)
(0.35)

†112†113. , ∂f/∂x †114, x

f “ ( )” . ∂f/∂x x

dx , (∂f/∂x)dx , x f “ ”

, †115. ∂f/∂x , (∂f/∂x)dx

, y [ (0.34) 1 ]†116.

(ii) “ ” “ ” . x

dx f (∂f/∂x)dx , y dy f

†108 , , (0.34) 2 . 100 .

†109 [ ] dx dy .

†110 [ ] (0.34) 2 , . , (differentia-
bility) , .

(proposition) , (
II). [ ] “ ” .

†111 [ ] “x ” f “ ” .

†112 [ ] , Δx , a . , Δx
, “ ” “ ” ,

. , ,
. [ ] Taylor (higher-order terms)
, ( ).

†113 ( ) , Δf ≡ f(x+Δx, y)− f(x, y) .

†114 [ ] . , ( ) , ( ) , ( )
, . [ ] ,

, .

†115 [ ] ∂f/∂x , . “ ” , (i)
f(x, y) x “ ” (verb) , , (ii)

.

†116 [ ] (0.34) 2 1 , y
. x y , (i) dx y , x

. , (ii) ∂f/∂x y
(0.35) . [ ] (0.34) 2 ,

. 1 .
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(∂f/∂y)dy “ ” , f “ ” (“ ” ) df(x, y) :

∂f

∂x
dx︸ ︷︷ ︸

x f

+
∂f

∂y
dy︸ ︷︷ ︸

y f

≡ df(x, y)︸ ︷︷ ︸
f “ ”

(0.36)

(iii) df , dx, dy 3 †117†118. ( , )†119

, ( )†120†121.

(iv) , (0.34) .

, y †122 , dy = 0 , df(x, y) ,

df(x, y)|y=const. =
∂f

∂x
dx (0.37)

†123†124. , x y ,

†117 [ ] d , (infinitesimal) . , 1
dy/dx , (finite value) . (fractional number)

( d ).

†118 [ ] , 10−30 , . 10−30

. , , 1/∞ .
, , .

†119 [ ] , (§ 1 ).

†120 [ ( )] (product) , (sum) ,
. , (0.34) 2

( ) = × + × = + = = ( )

( ). , .

†121 ( , , ) , “ ” . , ,
“ ( )” . [ ] , “ ”

, ∂f/∂x .

†122 y x .

†123 [ ] , :

df |y=const. =
∂f

∂x
dx, df |y =

∂f

∂x
dx (0.38)

†124 [ !!!] (0.37) , ∂ d ,

df(x, y)|y =
df

dx
dx ⇐= (0.39)

. , , dx ,
df . , f 2 f(x, y) . y
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. (0.37) (§ 3).

4. , †125.

d(fg) = f dg + g df (0.18)

[ ] fg ≡ h †126, h , h(f, g)

. , 2 (0.34) .

3. , 2 z = f(x, y) y ∂f/∂y

. , 1 y = f(x) .

4. 3 f(x, y, z) df(x, y, z) , .

§ 0.4.3

1 y(x) dy/dx , y(x) x(y)†127 dx/dy

. , :

dy

dx
=

1

dx/dy
(0.40)

, “ ” ,

dx

dy

dy

dx
= 1 (0.41)

†128. , 1 dy/dx

, dx dy †129.

, y .

†125 , I , .

†126 .

†127 [ ] ( : mapping) f , y = f(x) ⇐⇒ x = f−1(y) .
, f .

†128 [ I] (0.41) (composite function) .

†129 [ ] 100% ( ,
). , ,

. , , .
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, 2 f(x, y) . II

,

∂f

∂x
�= 1

∂x/∂f
(0.42)

†130. , 2
†131, , ∂x ∂y

, .

, . . 1

, 2 , 3 ,

d

dx
f(x),

∂

∂x
f(x, y),

∂

∂x
f(x, y, z) (0.43)

, ,

f †132.

5. , arcsin x, arccos x, arctan x
†133. (0.40) , †134.

†130 . y . , (chain rule)
. [ ] x = r cos θ = x(r, θ) y = r sin θ = y(r, θ) , 2

.

†131 , , 2 , 2 ( ) .

†132 ,
∂2

∂x2
f(x, y) . [ ] ∂x2

(exponent) 2 , x2 , (∂x)2 .
(1 ). :

∂2f

∂x2
=

∂2

∂x2
f =

∂2

(∂x)2
f =

(
∂

∂x

)2

f (0.44)

†133 .

†134 . , (sine) , (cosine) , (tangent) :

d

dx
arcsinx =

1√
1− x2

,
d

dx
arccosx = − 1√

1− x2
,

d

dx
arctanx =

1

1 + x2

[ ] (inverse trigonometric function) , sin−1 x . ,
1/ sinx = (sinx)−1 .
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§ 0.4.4

I , CP , :

dH = CPdT, CP =
dH

dT
(0.45)

H T 1 †135, dH

, (0.19) ,

CP =
dH

dT
=

TdS + V dp

dT
(0.46)

. § 3 .

I , ( ) , ,

2 , 1 (§ 3.2
). , ,

CP =
∂H(T, p)

∂T
(0.47)

. ,
†136. . H (0.3)

. , (i) dH ∂H †137, (ii)

∂/∂x , .

†135 , H 2 (§ 4 3
). , H 1 , . [Joule

(§ 3.2 )] 1 [U = f(T )]
, H ≡ U + pV = U(T ) +mRT = H(T ) (

). .

†136 dH , ∂H .

†137 [ ] ( ):

CP =
∂H(T, p)

∂T
�= T∂S + V ∂p

∂T
�= TdS + V dp

∂T
�= TdS + V dp

dT

, :

CP =
∂H(T, p)

∂T
=

∂

∂T
(U + pV ) =

∂U

∂T
+

∂pV

∂T
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§ 0.4.5 2

2 (2 ) †138.

(p, T , V , U , H, S, F , G, · · · ) 2

. ,

, .

2 , ,
†139, †140.

, (Boyle–Charles )

pV = mRT = (κ− 1)U (0.48)

†141. , 1 p = mRT/V , 2

p = f(V, T ) (0.49)

, 2 p = (κ− 1)U/V , “ ”2

p = g(V, U) (0.50)

†142. ,

, (0.49) T (0.50) U

. , 2 , (0.49)(0.50)
†143.

(0.49)(0.50) , f �= g . ,

“ ” ,

†138 § 3 . § 4 , 3 .

†139 [ ] Boyle ( ) Charles ( ) , , 2
( ) , .

†140 2 , ( ( ) ) .
“ ( )” .

, .

†141 pV = (κ − 1)U . ,
Boyle–Charles (§ 3.2 , ). [
]κ ≡ cP /cV , cP cV .

†142 , ( ).

†143 , f g . .
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. p V . f �= g ,

∂p(V, T )

∂V︸ ︷︷ ︸
T

�= ∂p(V, U)

∂V︸ ︷︷ ︸
U

(0.51)

. , (dT = 0) ∂p/∂V

, (dU = 0) ∂p/∂V ,

( ) †144. 1 , p

, .

, (0.51) ( ) , 1

.

, .

, ,

∂p(V, T )

∂V
≡

(
∂p

∂V

)
T

(0.52)

, 1 †145. ,

T , T ( ) †146†147.

†144 , .

†145 [ ] , ( )
( ) , , . , (i)

, z = f(x, y) ,
, ( ) . (ii) , p(x, t)

, p t x . (i)(ii) ,
, .

, .

†146 2 .
, ( A) , ( B)

. ( ) .

†147 , , :

∂p(V, T )

∂V
≡

(
∂p(V, T )

∂V

)
T

, , , 1
, . (

). (§ 1). “ ” .
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§ 0.4.6 4

, § 3 †148:(
∂x

∂y

)
z

(
∂y

∂x

)
z

= 1 (0.53)(
∂x

∂y

)
z

(
∂y

∂z

)
x

(
∂z

∂x

)
y

= −1 (0.54)(
∂y

∂x

)
z

=

(
∂y

∂x

)
t

+

(
∂y

∂t

)
x

(
∂t

∂x

)
z

(0.55)(
∂y

∂z

)
x

=

(
∂y

∂t

)
x

(
∂t

∂z

)
x

(0.56)

(x, y, z, t) , (p, V, T, S) .

(0.53) . 2 z

, 1 (0.41) 2

, ( ) .

(0.54) . —— 3 (x, y, z)

2 , 1 . , 3

. ( (x, y, z)

“ ” ) −1 †149†150. (0.53) , (0.54)

−1 .

(0.53)(0.54) , (x, y, z)

. x , y z .

, 2 . ,

2 “ ” , 3 . :

f(x, y, z) = 0 (0.57)

. (0.57) ,

, (x, y, z) ,

†148 [ ] , ( ), pp. 185–187 ( ).

†149 (denominator), (numerator), (subscript) , (x, y, z) 1
(circulation) , . 1

( ).

†150 1 (0.41) 2 .
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(0.53)–(0.56) †151.

, , .

(0.55)(0.56) , § 3
, †152†153.

5. (0.53) (0.54) †154†155†156.

, 2
†157.

( 1) —— (0.53) , x = x(y, z) y = y(z, x)
†158. , .

dx(y, z) dy(z, x) ,

dx(y, z) =

(
∂x

∂y

)
z

dy +

(
∂x

∂z

)
y

dz (0.58)

dy(z, x) =

(
∂y

∂z

)
x

dz +

(
∂y

∂x

)
z

dx (0.59)

†151 , 2 [4 (0.53)–(0.56)
, , ].

†152 (0.56) 1 .

†153 (0.55)(0.56) 4 (x, y, z, t) , , 4 3
. (0.53)(0.54) , 2 ,

. [ ] 1 , 1 , 2
2 .

†154 , . ,
( ). , ,

. , (0.55)(0.56) .

†155 (0.54) , II (Jacobian Jacobi )
. †95 .

†156 , , ,
.

†157 , 2 “ ” 3 : f(x, y, z) = 0.
. , . 2

.

†158 [ ] (i) , x , (y, z)
. (ii) x , 1 , 2 . (iii)

(0.54) , z = z(x, y) , .
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. (0.58) 1 dy (0.59) , †159:

1× dx+ 0× dz =

(
∂x

∂y

)
z

(
∂y

∂x

)
z

dx+

[(
∂x

∂y

)
z

(
∂y

∂z

)
x

+

(
∂x

∂z

)
y

]
dz

(0.60)

dx dz †160, ,

dx , (0.53) :(
∂x

∂y

)
z

(
∂y

∂x

)
z

= 1 (0.53)

, dz , :(
∂x

∂y

)
z

(
∂y

∂z

)
x

+

(
∂x

∂z

)
y

= 0 (0.61)

1 , (0.54)

. , (0.61) (∂z/∂x)y :(
∂x

∂y

)
z

(
∂y

∂z

)
x

(
∂z

∂x

)
y

+

(
∂x

∂z

)
y

(
∂z

∂x

)
y︸ ︷︷ ︸

(0.53) 1

= 0 (0.62)

, , (0.53)(
∂x

∂z

)
y

(
∂z

∂x

)
y

= 1 (0.53)

, , (0.54) :(
∂x

∂y

)
z

(
∂y

∂z

)
x

(
∂z

∂x

)
y

= −1 (0.54)

†159 , (0.59) (0.58) . (0.58)(0.59) .

†160 dx dz (identity) :

Adx+Bdz = Cdx+Ddz ⇐⇒ A = C B = D
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( 2) †161†162—— (0.53) , 2

z ( ) . , (0.58)

, dz = 0 †163

dx =

(
∂x

∂y

)
z

dy (0.63)

, dx ( �= 0) †164, :(
∂x

∂y

)
z

dy

dx
=

(
∂x

∂y

)
y

(
∂y

∂x

)
z

= 1 (0.64)

1 , d ∂
†165. (0.59) , y

(z, x) 2 . , (z, x)

( z) †166, ( ) .

, (0.54) . (0.58) , dx = 0
†167, dz †168:(

∂x

∂y

)
z

dy

dz
+

(
∂x

∂z

)
y

=

(
∂x

∂y

)
z

(
∂y

∂z

)
x

+

(
∂x

∂z

)
y

= 0 (0.65)

, 1 †169. (0.53)

†161 ( 1) , . , .

†162 : (0.53) , x = x(y, z) y =
y(x, z) , , z , 1 ,

dx

dy

dy

dx
, 1 (0.40) , 1 .

†163 , z .

†164 dx = 0 . dx = 0 ( x ), x , x
, (0.53) ( ).

†165 , . ,
, 2 . ( 1) ( 2)

.

†166 z , z .

†167 x . (0.58) , z y , x
.

†168 [ ] d♣ , “♥ ” ,
. .

†169 , , —— y (x, z) 2
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, ( 1) .

§ 0.4.7

2 P (x, y) Q(x, y) 2 †170:

P (x, y)dx+Q(x, y)dy (0.66)

, . z(x, y)

dz(x, y) = P (x, y)dx+Q(x, y)dy (0.67)

(
∂z

∂x

)
y

dx+

(
∂z

∂y

)
x

dy = P (x, y)dx+Q(x, y)dy (0.68)

. , dx dy , :

P (x, y) =

(
∂z

∂x

)
y

, Q(x, y) =

(
∂z

∂y

)
x

(0.69)

§ 2 , (0.69) †171†172. ,

III , †173:(
∂P

∂y

)
x

=

(
∂Q

∂x

)
y

(0.70)

6. (0.70) .

, , dx = 0 x
, x . , y 2 ,

1 , ( ).

†170 [ ] 2 ( ).

†171 (0.67) ( ) (0.66)
.

†172 [ ] (necessary condition), (sufficient condition), (necessary
and sufficient condition) . ,

.

†173 [ ] (0.69) (0.70) . .
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7. (0.67) (0.68) †174, ,

dz(x, y) =

(
∂z

∂x

)
y

dx+

(
∂z

∂y

)
x

dy = P (x, y)dx+Q(x, y)dy = 0 (0.71)

z(x, y) = C (0.72)

†174 ( , , ) .
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(C )†175†176†177†178†179. .

†175 [ ] 1 . , 1
. 1 1 . , 1 .

†176 [†175 ] n n ( ) .
, .

( ) ,
. , “ ” “ ” , “ ”

“ ( )” ( . § 3 ).

†177 [ ] †176 ( ) ,
. (i) , ( )

1

df

dx
= 0 (0.73)

( ). ,
, 1 . , ,
, . (0.73) , x ,

(C ):

f(x) = C (0.74)

(ii) , 2 ( ) 1

∂f(x, y)

∂x
= 0 (0.75)

. , . x ( )
, C y ( ).
, (0.75)

f(x, y) = C(y) (0.76)

. , , “ ”( “ ”)
. , C y , .

†178 [ ] , (0.75) C(y) C(x) C
. , . (
) , x , (0.75)

( )—— .
, . , †177

.

†179 [ ] f(x, y) = C ( C ) .
. , (0.75) , ( ) ,

(0.75) . [ ] , “ ” .
, , ( III).
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